cl are signs of a partial restoration of the spin-isospin SU(4) symmetry. We suggest that demanding that M 2ν cl = 0 is a sensible way, within the method of the Quasi-particle Random Phase Approximation (QRPA), of determining the amount of renormalization of isoscalar particle-particle interaction strength g T =0
Intimate relation between the Gamow-Teller part of the matrix element M cl are signs of a partial restoration of the spin-isospin SU(4) symmetry. We suggest that demanding that M 2ν cl = 0 is a sensible way, within the method of the Quasi-particle Random Phase Approximation (QRPA), of determining the amount of renormalization of isoscalar particle-particle interaction strength g T =0
pp . Using such prescription, the matrix elements M 0ν are evaluated; their values are not very different (≤ 20%) from the usual QRPA values when g T =0 pp is related to the known 2νββ half-lives.
I. INTRODUCTION
Neutrinos are the only known elementary particles that may be Majorana fermions, i.e., identical with their antiparticles. They are also very light, suggesting that the origin of their mass could be different from the origin of mass of all other fermions that are much heavier and charged, supporting such hypothesis. Study of the neutrinoless double beta decay (0νββ), the transition among certain even-even nuclei when two neutrons bound in the ground state are transformed into two bound protons and two electrons with nothing else emitted, is the most straightforward test whether neutrino are indeed Majorana fermions. Obviously, observing such decay would mean that the Lepton Number is not a conserved quantity as required by the Standard Model.
There is an intense worldwide effort to search for the 0νββ decay. No signal has been observed so far, but impressive half-life limits of more than 10 25−26 years have been achieved in several experiments on several target nuclei. Larger, and even more sophisticated experiments are developed and/or planned. Search for the 0νββ decay is at the forefront of the present day nuclear and particle physics.
While observation of the 0νββ decay would constitute a proof that neutrinos are massive Majorana fermions [1] , it is obviously desirable to be able to relate the observed half-life to some 'beyond the Standard Model' particle physics theory. To do that, however, requires understanding of the nuclear structure issues involved in the (Z, A) g.s. → (Z + 2, A) g.s. + 2e − transition. The problem at hand is the evaluation of the corresponding nuclear matrix elements. This is a long standing issue, with a plethora of papers devoted to this subject. Recent review [2] summarizes the present status.
Here we explore in more detail the relation between the nuclear matrix elements of the 0νββ decay and of the allowed and experimentally observed 2νββ decay, treated however in the closure approximation. This is a continuation and expansion of the earlier paper [3] . We concentrate primarily on the expression of these matrix elements as functions of the relative distance r between the two neutrons that are transformed into the two protons in the ββ decay. Naturally, we keep in mind that the closure approximation is not applicable for the 2νββ mode of the ββ decay.
The paper is organized as follows. After this Introduction, in the next section the so-called neutrino potentials are described, and their dependence on the distance r between the decaying neutrons. Next, the two neutrino (2νββ) decay matrix elements in closure approximation and their relation to the 0νββ decay matrix elements are discussed. In the following section advantages of the LS coupling scheme are described and symmetry consideration are applied. In arXiv:1808.05016v1 [nucl-th] 15 Aug 2018 section V the 0νββ matrix elements, based on previous considerations, are evaluated and their values are compared to the previously published ones. The partial restoration of the spin-isospin symmetry SU(4) is also discussed there. Finally, the Summary section concludes the paper.
Very generally, the observable 0νββ decay rate is expressed as a product of three factors
where G 0ν (Z, E 0 ) is the calculable phase space factor that in this case also includes all necessary fundamental constants, and that depends on the nuclear charge Z and on the decay endpoint energy E 0 . M 0ν is the nuclear matrix element that depends, among other things, on the particle physics mechanism responsible for the the 0νββ decay, as does the phase space factor G 0ν (Z, E 0 ). And by φ we symbolically denote the corresponding particle physics parameter that we would like to extract from experiment.
For any mechanism responsible for the decay, the matrix element M 0ν consists of three parts, Fermi, Gamow-Teller and Tensor
where g A is the nucleon axial current coupling constant. And, in turn, the GT part, evaluated in the closure approximation, is
The Fermi part, again in closure, is given by an analogous formula
And the tensor part is
(5) Here |i , |f are the ground state wave functions of the initial and final nuclei. H GT (r ij ,Ē), H F (r ij ,Ē) and H T (r ij ,Ē) are the "neutrino potentials" that depend on the relative distance r ij of the two nucleons. The sum is over all nucleons in the nucleus. The dependence on the average nuclear excitation energyĒ is usually quite weak. We discuss the validity of the closure approximation for the 0νββ mode in the next section.
II. NEUTRINO POTENTIALS
Neutrino potentials in eqs. (3), (4) and (5) are typically defined as integrals over the momentum transfer q. They cannot be expressed by an analytic formula as functions of the internucleon distance r ij . In the following we will concentrate on the "standard" scenario, where the 0νββ decay is associated with the exchange of light Majorana neutrinos. In that case the particle parameter φ in eq. (1) is the effective Majorana neutrino mass
where U ei are the, generally complex, matrix elements of the first row of the PMNS neutrino mixing matrix with phases α i , and m i are the masses of the corresponding mass eigenstates neutrinos. The present values of the mixing angles and mass squared differences ∆m 2 ij are listed e.g. in the Review of Particle Properties [4] .
For this mechanism, the dimensionless neutrino potential for the K = GT, F and T parts is
here R is the nuclear radius added to make the potential dimensionless. The functions f F,GT (qr 12 ) = j 0 (qr 12 ) and f T (qr 12 ) = −j 2 (qr 12 ) are spherical Bessel functions. The functions h K (q 2 ) are defined in [5] (see also [6] ). The potentials depend rather weakly on average nuclear excitation energyĒ. The function f src (r 12 ) represents the effect of twonucleon short range correlations. In the following we use the f src (r 12 ) derived in [7] . The phase space factors for this mechanism are listed e.g. in [8] .
However, the exchange of light Majorana neutrinos is not the only way 0νββ decay can occur. Many particle physics models that contain so far unobserved new particles at the ∼ TeV mass scale also contain ∆L = 2 higher dimension operators that could lead to the 0νββ decay with a rate comparable to the rate associated with the light Majorana neutrino exchange. These models also explain why neutrinos are so light. Moreover, some of their predictions can be confirmed (or rejected) at the LHC or beyond. Examples of these models are the Left-Right Symmetric Model or the R-parity Violating Supersymmetry. In them, heavy (M M p , M p is the proton mass) particles are exchanged between the two neutrons that are transformed into the two protons. There is a large variety of neutrino potentials corresponding to such mechanisms of 0νββ decay. A list of them, and of the corresponding phase space factors, can be found e.g. in ref. [9] . For a complete description of the 0νββ decay it would be, therefore, necessary to evaluate ∼ 20 different nuclear matrix elements. We show below, how this task could be substantially simplified.
The matrix elements defined in the eqs. (3), (4) and (5) are evaluated in the closure approximation. In that case only the wave functions of the initial and final ground states are needed. The validity of this approximation can be tested in the Quasi-particle Random Phase Approximation (QRPA), where the summation over the intermediate states is easily implemented as done in Ref. [3] . There it was shown that the closure approximation typically results in matrix elements that are at most 10% smaller than those obtained by explicitly summing over the intermediate virtual states. The dependence on the assumed average energyĒ is weak; it makes little difference ifĒ is varied between 0 and 12 MeV. Similar conclusion was reached using the nuclear shell model (see Ref. [10] and references therein).
Better insight into the structure of matrix elements can be gained by explicitly considering their dependence on the distance r between the two neutrons that are transformed into two protons in the decay. Thus we define the function C 0ν GT (r) (and analogous ones for M F and M T ) as
This function is, obviously, normalized as
In other words, knowledge of C 0ν GT (r) makes the evaluation of M 0ν GT trivial. The function C(r) was first introduced in Ref. [5] .
As one can see in Fig.1 the function C 0ν GT (r) consists primarily of a peak with the maximum at 1.0-1.2 fm and a node at 2-2.5 fm. The negative tail past this node contributes relatively little to the integral over r and hence to the value of M 0ν GT . The shape of the function C 0ν GT (r) is essentially the same for all 0νββ decay candidates. The magnitude of the matrix element M 0ν GT is determined, essentially, by the value of the peak maximum, which can be related, among other things, to the pairing properties of the involved nuclei.
This characteristic behavior of the function C 0ν GT (r) repeats itself when it is evaluated instead in the nuclear shell model; same peak, same node, little effect of the tail past the node [11] . The same function was also evaluated in [12] for the hypothetical decay 10 He → 10 Be using the ab initio variational Monte-Carlo method. The function C 0ν GT (r) has, again even in this case, qualitatively similar shape with a similar peak and same node, but the negative tail appears to be somewhat more pronounced. We might conclude that, at least qualitatively, the shape of C 0ν GT (r) is universal; it does not depend on the method used to calculate it, even though the methods mentioned here, QRPA, nuclear shell model, or the ab initio variational Monte-Carlo are vastly different in the way the ground state wave functions |i and |f are evaluated.
In all ββ decay candidate nuclei the isospin T of the initial nucleus is different, by two units, from the isospin of the final nucleus; thus ∆T = 2. To study theoretically nuclear matrix element evaluation it is not necessary to consider only the ββ transitions allowed by the energy conservation rules. Thus, transitions within an isospin multiplet (∆T = 0), such as 42 Ca → 42 Ti or 6 He → 6 Be can be, and are, considered. The corresponding radial dependence C 0ν GT (r) is different in that case. There is no node, the function remain positive over the whole r range. For QRPA this is illustrated in Fig. 2 . Again, in the ab initio evaluation [12] for the hypothetical transition 6 He → 6 Be that feature is there as well, even though the shape of the curve is rather different than for the 42 Ca case. The fact that the functions C 0ν GT (r) are quite different when ∆T = 2 and ∆T = 0 cases are considered, suggests that it is not obvious whether the experience obtained from the latter cases in light nuclei can be easily generalized to the decays of real 0νββ decay candidate nuclei which are all ∆T = 2.
The radial functions C 0ν F (r) and C 0ν T (r) corresponding to the Fermi, eq. (4), and Tensor, eq. (5), matrix elements are obtained in an analogous way. A typical example is shown in Fig. 3 . The function C 0ν F (r) has very similar shape as C 0ν GT (r), but has opposite sign (see, however the sign in eq. (2)). The relation of C 0ν F (r) and C 0ν GT (r) will be discussed in detail in section IV. Notice that the correlation function C 0ν T (r) corresponding to the tensor matrix element does not share the properties of the main peak. 48 Ca is a real ββ decay candidate. It decays into 48 Ti and the isospin T changes in the decay by two units (∆T = 2). The other two Ca isotopes cannot ββ decay; nevertheless the corresponding matrix elements can be evaluated. The transition 42 Ca → 42 Ti connects mirror nuclei, the isospin does not change, ∆T = 0.
III. 2νββ MATRIX ELEMENTS IN CLOSURE APPROXIMATION
It would be clearly desirable to find a relation between the 0νββ matrix elements and another quantity that does not depend on the unknown fundamental physics and that, in an ideal case, is open to experiment. Here we wish to make a step in that direction.
If one would skip the neutrino potential H K (r ij ,Ē) in eq. (3) the resulting matrix element is just the matrix element corresponding to the allowed 2νββ mode of decay evaluated, however, in the closure approximation. The half-lives of 2νββ decay have been experimentally determined for most candidate nuclei. They are related to the matrix elements by
where G 2ν (Z, E 0 ) is the calculable phase space factor that in this case includes all necessary fundamental constants, including the factor g 4 A . The 2νββ matrix element, in turn, is where the summation extends over all 1 + virtual intermediate states. The presence of the energy denominators in eq. (11) is essential, it reduces the dependence on the poorly known higher lying 1 + states. Thus, if the 2νββ half-life is known experimentally, the values of M 2ν can be extracted. (Actually, keeping in mind a possible renormalization, i.e., quenching, of the g A value in complex nuclei, the quantity g 2 A M 2ν can be extracted from the experimental half-life value.)
Evaluation of the 2νββ closure matrix element (12) is a product of amplitudes corresponding to the β − strength of the initial nucleus and the β + strength of the final one. The total strengths are connected by the Ikeda sum rule S(β − ) − S(β + ) = 3(N − Z) which is automatically fulfilled in the QRPA and in the Nuclear Shell Model when the model space involves both spin-orbit partners of all single particle states. In Fig. 4 the radial dependence of these strengths, i.e., the C(r) functions corresponding to i| kl τ
e., the S(β + ), are shown for the case of 76 Ge and 76 Se. Note not only the different scales of the two panels, but also the substantial cancellation between the r ≤ 2.5 fm and r > 2.5 fm in the β + case. The S(β + ) strength is suppressed because the β operator connects states that belong to different isospin multiplets. While the total strengths represent sums over positive contributions from all 1 + states in the corresponding odd-odd nuclei, the M 2ν (11) and M 2ν GTcl (12) matrix elements both depend on the signs of the two amplitudes involved in the product and thus have both positive and negative contributions. In fact, the calculations suggest that, as a function of the 1 + excitation energy, the contributions are positive at first, but above 5 -10 MeV negative contributions turn the resulting values of both M 2ν and M
2ν
GTcl sharply down as illustrated in Fig.5 . That behavior seems to be again universal. Not only qualitatively similar curve are obtained in QRPA for essentially all ββ decay candidate nuclei, but very similar plot was obtained for 48 Ca within the nuclear shell model [13] .
In this context it is worthwhile to discuss the so-called single-state dominance (or low-lying states dominance) often invoked in the analysis of the 2νββ decay [14] . The 'staircase' plot for M 2ν evaluated within QRPA as seen in the upper panel of Fig.5 have the drop at higher energies that is not as steep as in the case of M 2ν GTcl ; its magnitude is reduced by the energy denominators.
The contributions to M 2ν are positive at first, followed at energies ≥ 5 MeV by several negative ones. Due to this, the true value of M 2ν (0.14 MeV −1 in the case of 76 Ge) is reached twice as a function of the excitation energy, once at relatively low E ex and then again at its asymptotic value. This is a typical situation encountered in most 2νββ decay candidate nuclei. In the charge exchange experiments, like e.g. in Ref. [15] , the GT strength exciting several low-lying 1 + states is determined in both the β − and β + directions. Assuming that all contributions to the M 2ν from these states are positive, one usually soon reaches a value that is close to the experimental one. That is considered as indication of the validity of the low-lying states dominance hypothesis. The single (or low-lying) state dominance is also invoked in Refs. [16, 17] where also a good agreement with the experimental M 2ν matrix element was reached. However, according to our evaluation, some more positive contributions to the M 2ν in such a case are missed, as well as negative contributions from the higher lying 1 + states. Thus, the low-lying states, while giving by themselves the correct (or almost correct) value of M 2ν , miss other contributions which, in particular, are decisively important for the closure matrix element M 2ν GTcl . It would be clearly desirable to confirm, or reject, the behavior illustrated in Fig. 5 . In particular, to check that the β + amplitudes above ∼ 5 MeV are non-vanishing and that their contribution to M 2ν is indeed negative. The single state dominance in the 2νββ decay can be tested by observing the two-and single-electron spectra [18] , in particular at low electron energies. This was done, for example, in the case of 82 Se in Ref. [19] , indicating its validity. Does it really mean that only low-lying intermediate states contribute to the M 2ν and M 2ν
GTcl ? As was shown in [20] , the deviation of the electron spectrum from the standard form can be described by the Taylor expansion of the energy denominators when the phase space factors are evaluated. The leading correction, called ξ 2ν 31 there, contains the third power of the energy denominator in the expression analogous to (11) . Thus, the quantity ξ GTcl is evaluated in the shell model using incomplete oscillator shells, with missing spin-orbit partners, as done e.g. in Ref. [21] for the ββ candidate nuclei (except 48 Ca), the results might be uncertain.
¿From the way the functions C constructed, it immediate follows that they are related by
as already pointed out in Ref. [3] . Therefore, if C 2ν GTcl (r) were known, the C 0ν GT (r) can be easily constructed and hence also the 0ν matrix element M 0ν GT . The analogous procedure can be followed, of course, also for M 0ν F and M 0ν T . But eq. (13) is much more general. Knowing C 0ν GT (r) or C 2ν GTcl (r) makes it possible to evaluate the corresponding matrix element for any neutrino potential HGT(r,Ē) like all of those listed in ref. [9] . That represents, no doubt, a significant practical simplification.
IV. USING THE LS COUPLING SCHEME ¿From the discussion above it is clear that the determination of the correct value of the 2ν closure matrix element Fcl into two parts, corresponding to the S = 0 and S = 1, where S is the spin of the two decaying neutrons (or spin of the created protons) in their center-of mass system. The corresponding expression is rather complex so we leave it to the Appendix. Having the decomposition of the M 2ν GTcl and its corresponding radial dependence C 2ν GTcl (r) into their spin components, we can establish a relation between the GT and F parts.
Therefore, for the closure matrix elements GTcl (r) separated into the spin S = 0 and S = 1 components, shown for several ββ decay candidate nuclei.
These are exact relations. The radial functions C 2ν Fcl,GTcl (r)(S) obey them as well. Example of this separation are shown in Fig. 8 . Clearly, the S = 0 component accounts for essentially the whole C 2ν GTcl (r) function; the S = 1 component is negligible. Note that the standard like nucleon pairing supports the dominance of the S = 0 component.
Isospin is a good quantum number in nuclei, T = (N − Z)/2 in the ground states; the admixtures of higher values of T is negligible for our purposes. From this it immediately follows that M 2ν Fcl = 0. That relation is obeyed automatically in the nuclear shell model where isospin is a good quantum number by construction. In QRPA, however, the isospin is, generally, not conserved. It was shown in [22] that partial restoration of the isospin symmetry, and validity of the M Table I . so that M 2ν GTcl = 0, corresponds to the partial restoration of the spinisospin symmetry SU(4). Obviously, choosing the effective neutron-proton interaction in this way is quite different from the proposal in ref. [21] where the proportionality between M 0ν GT and M 2ν GTcl was proposed. We believe that assuming that M Since we know the experimental values of the 2νββ matrix elements M 2ν , it is legitimate to ask whether the fact that they do not vanish can be compatible with our assumption that the closure matrix elements M 2ν GTcl vanish. Clearly, if E av is the properly averaged energy denominator, then
must be obeyed. If the right-hand side of this equation is vanishing, then one of the factors on the left-hand side must vanish as well. In our case it must be the average energyĒ reflecting the fact that in both M 2ν and M
GTcl are both positive and negative contributions to the corresponding sums (by treating the negative sign in the numerator of (11) as negative denominator).
In our approach the parameter g
is fixed by the requirement that M 2ν GTcl = 0, it is thus straightforward to evaluate, within QRPA, the M 2ν and compare them with their experimental values derived from the observed 2νββ half-lives. In agreement with the idea of 'g A quenching', the calculated matrix elements are typically larger than the experimental values. That discrepancy can be, at least in part, remedied by choosing the effective g A value, g is adjusted so that the 2ν halflife is correctly reproduced (black squares) or by requiring that M 2ν GTcl = 0, i.e., partial restoration of the SU(4) symmetry.
The matrix elements M 2ν of the 2νββ decay involve only 1 + virtual intermediate states. Within the QRPA they sensitively depend on the magnitude of the isoscalar neutronproton interaction [23] , conventionally denoted as g T =0 pp . On the other hand, matrix elements M 0ν of the 0νββ decay contain many multipoles of the intermediate states. Among them the 1 + , or GT, is particularly sensitive to the g T =0
pp ; other multipoles are less dependent to its magnitude. That led to the practice [24, 25] , commonly used in QRPA now, to adjust the g T =0 pp so that the experimental half-life T 2ν 1/2 is correctly reproduced. That way the most sensitive multipole contributing to M 0ν has been tied to the experimentally determined quantity. (Also, it turns out that with this adjustment, the magnitude of M 0ν becomes essentially independent on the size of the single particle basis included.)
As explained above, in this work we propose instead to use the condition M 2ν GTcl = 0, i.e., partial restoration of the values about 10% smaller, similar to the previous experience described above. Typically, the contributions of the spin S = 1 component to the M F and M GT are indeed negligible. However, the tensor mart, M T gets its value only from S = 1; it constitutes about 10% of the total M 0ν value.
Adjusting g
to the condition of partial restoration of the SU(4) symmetry means that the 2ν matrix elements (and, naturally, the half-lives T Xe is an increase of M 0ν by ∼ 20%. Note that both variants shown in Fig. 9 were evaluated with g A = 1.27, i.e., without quenching.
VI. SUMMARY
In this work we discuss the importance of dependence of the 0ν and 2ν nuclear matrix elements on the distance r ij between the two neutrons that are transformed in two protons in the double-beta decay. We show that, if this function, C(r), is known for any particular mechanism of the decay, evaluation of the matrix element for any other mechanism is reduced to an integral using Eq. (13) .
Further, we show that there is a close relation between the GT part of the M 0ν and the matrix element of the experimentally observed 2νββ decay, evaluated however in the closure approximation, M Based on these consideration we arrive at a new way of adjusting the important QRPA parameter, the renormalization of the isoscalar particle-particle interaction, g T =0 pp . We propose that its value should be determined from the requirement that M The nuclear matrix elements (NME) associated with light neutrino mass mechanism of the 0νββ-decay calculated within the proton-neutron QRPA using two ways of fixing the strengths of residual interactions in the nuclear Hamiltonian: i) g 
VIII. APPENDIX: LS COUPLING SCHEME
In the QRPA the closure matrix element M α K (α = 0ν, 2ν and K = F (Fermi), GT (Gamow-Teller) and T (Tensor)) can be written as a sum over two neutron (initial nucleus) and two proton (final nucleus) states participating in the two virtual beta decays inside nucleus, angular momentum J to which they are coupled, and angular momentum and parity J π of the intermediate nucleus as follows:
where
includes products of reduced matrix elements of one-body densities c + pcn (c n denotes the time-reversed state) connecting the initial nuclear ground state with the final nuclear ground state through a complete set of states of the intermediate nucleus labeled by their angular momentum and parity, J π , and indices k i and k f . They depend on the BCS coefficients u i , v j and on the QRPA vectors X, Y [22] . The coupling (lsj) for each single proton (neutron) state is considered, i.e., the individual orbital momentum l p (l n ) and spin s p (s n ) is coupled to the total angular momentum j p (j n ). The non-antisymmetrized two-nucleon matrix element takes the form 
with S 12 = 3( σ 1 ·r 12 )( σ 2 ·r 12 )−σ 12 , σ 12 = σ 1 · σ 2 . r 12 = r 1 − r 2 , r 12 = | r 12 | andr 12 = r 12 /r 12 , where r 1 and r 2 are coordinates of nucleons undergoing beta decay. For the exchange of light Majorana neutrinos, the 0νββ decay mechanism we are considering here, the neutrino potentials H K (r 12 ,Ē) are given in Eq. (8) It practice, the calculation of non-antisymmetrized twonucleon matrix element in Eq. (20) is performed in center of mass frame by using a harmonic oscillator single particle basis set. The transformation from jj to LS coupling is used and the Talmi transformation via the Moshinsky transformation brackets is considered. In the case of the 0νββ-decay two-nucleon matrix elements we obtain    
Here,Ĵ = √ 2J + 1 andĵ α = √ 2j α + 1 with α = p, p , n and n . We note that in the case of the Fermi and GamowTeller transitions there are both S = 0 an S = 1 contributions, unlike the case of the tensor transition where only S = 1 is allowed. Due to the presence of neutrino potentials H K (r 12 ,Ē) (K = F, GT and T) in two-body transition operators there is dominance of the S = 0 contribution to M 0ν . There is a small difference between the Fermi and GamowTeller neutrino potentials due to a different form factor's cutoff and contributions from higher order terms of the nucleon currents. If they would be equal, and the S = 1 contribution could be neglected, we would end up with
The 2νββ-decay Fermi and Gamow-Teller matrix elements can be decomposed into the S = 0 and S = 1 contributions as follows (see Eq. (14)):
The corresponding decomposition of the nonantisymmetrized two-nucleon matrix element is given by δ npn p δ lpl p δ nnn n δ lnl n × δ S0 + δ S1 −3δ S0 + δ S1 (25) If M 2ν F = 0 because of isospin conservation (see [22] ), then S = 0 and S = 1 contributions are equal in magnitude but opposite in sign.
